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Abstract
Crystals, as quantum objects typically much larger than their lattice spac-
ing, are a counterexample to a frequent prejudice that quantum effects should
not be pronounced at macroscopic distances. We propose that the Einstein
theory of gravity only describes a fluid phase and that a phase transition of
crystallization can occur under extreme conditions such as those inside the
black hole. Such a crystal phase with lattice spacing of the order of the Planck
length offers a natural mechanism for pronounced quantum-gravity effects at
distances much larger than the Planck length. A resolution of the black-hole
information paradox is proposed, according to which all information is stored
in a crystal-phase remnant with size and mass much above the Planck scale.
PACS Numbers: 04.70.Dy
1 Introduction and main ideas
The black-hole information paradox (see e.g. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] for reviews) is
one of the greatest challenges for a successful marriage between theory of gravity and
quantum theory. Many proposals for the resolution of the paradox, such as massive
black-hole remnant [1], fuzzball [11], energetic curtain [12], firewall [13], or Planck star
[14], require a large deviation from classical gravity at macroscopic distances. On the
other hand, classical gravity is generally expected to be a very good approximation
at macroscopic distances, which raises justified skepticism about all such proposals
of large deviations from classical gravity at macroscopic distances.
Nevertheless, it is not true that quantum effects cannot be significant at macro-
scopic distances. At low temperatures, some materials show macroscopic features
such as superfluidity or superconductivity [15], which cannot be explained by classical
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physics. Furthermore, there are even examples which do not require low temperature.
For instance, white dwarf stars avoid gravitational collapse owing to the electron de-
generacy pressure [16], which is a consequence of the quantum Fermi-Dirac statistics.
Similarly, neutron stars avoid gravitational collapse owing to the quantum degeneracy
pressure of neutrons [16].
Finally, even if these examples look somewhat exotic, there is a totally non-exotic
example; probably the best understood and most ubiquitous macroscopic quantum
object is a crystal [17]. Crystals can be found everywhere in our everyday macroscopic
lives. And yet, they are quantum objects which can be thought of as macroscopic
“molecules”. Indeed, the typical lattice spacing between the neighboring atoms in a
crystal is a few Bohr radii, where the Bohr radius (in Gaussian CGS units)
a0 =
h¯2
me2
(1)
is a quantum distance, determined by the Planck constant h¯, electron mass m, and
electron charge e. The lattice spacing in the crystal determines many of its macro-
scopic properties. In particular, the fact that spacing is of the order of a0 implies that
entropy density s in a crystal is of the order
s ∼
1
a30
. (2)
The analog of (1) in quantum gravity is the Planck length lPl, given by
lPl =
1
mPl
(3)
in the units h¯ = c = 1, where mPl is the Planck mass. It is often assumed in the
literature that effects of quantum gravity should not be seen at distances much larger
than lPl. Yet, the analogy between (1) and (3) suggests that such an assumption
may not be justified. Just as the Bohr radius has a macroscopic manifestation in
matter crystals, the Planck length could have similar macroscopic manifestation in
a gravitational crystal. In particular, the analogy with (2) suggests that the entropy
density of such a gravitational crystal could be of the order of the Planckian entropy
density
s ∼ sPl ≡
1
l3
Pl
. (4)
Can a gravitational crystal be described by the Einstein-Hilbert action of gravity?
The classical and semi-classical gravitational phenomena have many similarities with
phenomena in condensed-matter physics [18, 19, 20], but most of these condensed-
matter phenomena are properties of fluid phases, while similarities between gravity
and the properties of crystals are not so pronounced. Guided by general principles of
condensed matter physics [17], we suggest that this is because the classical Einstein
theory of gravity is really an effective macroscopic description of a fluid. In other
words, we propose that the classical Einstein equation only describes the fluid phase
of some unknown fundamental degrees of freedom. If so, then the crystal phase
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cannot be described by quantization of the Einstein-Hilbert action, implying that the
Einstein-Hilbert action is not fundamental. Roughly, this is analogous to the fact
that ice cannot be described by quantization of a non-fundamental macroscopic fluid
equation, such as the Euler equation or the Navier-Stokes equation. The transition
from the fluid phase (described by general relativity) to the crystal phase (described
by as yet unknown theory) occurs via a phase transition (for a related idea see also
[21]). Unfortunately, in the absence of detailed knowledge about the fundamental
theory, the details of such a phase transition cannot be described explicitly from first
principles.
2 A simple model
Even though we cannot derive the properties of such a gravitational crystal from first
principles, some essential qualitative properties can be described by a simple model.
For that purpose, we assume that crystallization happens under extreme conditions
inside the black hole, in the core formed around the center at r = 0. Denoting by
rcore the radius of the crystallized core, general relativity is valid only in the fluid
phase at r > rcore. The physics in the core for r ≤ rcore is not described by the
Einstein-Hilbert action, and a priori the entropy of the core does not need to scale
with area. Therefore, to model the core, we take the simplest possible assumption, i.e.
we assume that the effective metric in the core is the flat Minkowski metric and that
its entropy scales with volume in accordance with (4). (The flat metric in the crystal
phase seems natural from a condensed-matter point of view because, in condensed-
matter physics, the fundamental degrees of freedom do not describe metric. The
existence of a curved metric as an effective large-distance description is characteristic
for the fluid phase [19, 20], but not for the crystal phase.) Hence the volume of the
core is Vcore = 4pir
3
core
/3 and its entropy is
Score = αVcore =
4piα
3
r3
core
, (5)
where α ∼ 1 and we work in Planckian units lPl = mPl = 1. (For a related model of
a core inside the black hole see also [22].) On the other hand, the fluid phase outside
the core is described by general relativity, so the fluid-phase entropy is the standard
Bekenstein-Hawking entropy
SBH =
A
4
= piR2 = 4piM2, (6)
where A = 4piR2 is the black-hole area, R = 2M is the black-hole radius, andM is the
black-hole mass. The total black-hole entropy Sbh is the sum of the two contributions
Sbh = SBH + Score. (7)
Now let us assume that initially there is no core, so that the initial black-hole
entropy is the initial Bekenstein-Hawking entropy
S0 =
A0
4
= 4piM2
0
, (8)
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where M0 is the initial black-hole mass. Owing to the Hawking radiation [23], the
mass M decreases and the black hole absorbs entropy of the ingoing Hawking quanta.
This entropy cannot be absorbed by the fluid phase because the fluid-phase entropy
A/4 decreases due to the decrease of M . Consequently, a crystal phase must be
created in the center of the black hole in order to absorb the incoming entropy. The
incoming entropy is the entropy of entanglement with external Hawking radiation,
so the incoming entropy is equal to the radiation entropy Sradiation. Hence the total
black-hole entropy must be equal to
Sbh = S0 + Sradiation. (9)
The radiation entropy has been calculated by Page [24, 25, 26]. His result can be
written as
Sradiation = η
(
A0
4
−
A
4
)
= η(4piM2
0
− 4piM2), (10)
where η ≈ 1.5.
Equating (7) with (9) and using (5), (6), (8) and (10), we obtain
α
3
r3
core
= (1 + η)(M2
0
−M2), (11)
which describes how rcore increases as the black-hole massM decreases due to Hawking
radiation. As the black-hole radius R = 2M shrinks, the crystal radius rcore grows.
This black-hole shrinking and crystal growth is a continuous process which lasts
as long as Hawking radiation is created at the horizon at R = 2M . This happens as
long as general relativity is valid at r ≥ R. However, at some point rcore becomes
equal to R, at which point general relativity ceases to be valid at the horizon. At
this point there is no reason to expect any further creation of Hawking radiation,
so the process of crystal growth stops at that point. At this critical point we have
rcore = R = 2M , so (11) gives
8α
3
M3 = (1 + η)(M2
0
−M2). (12)
which is a cubic equation for M .
The exact solution of this cubic equation can be expressed in an analytic form
[27], but such an expression is rather cumbersome and not very illuminating. It is
much more illuminating to find an approximate analytic solution of (12). Since α and
η are of the order of unity, while M0 ≫ 1, it is not difficult to see that the solution
of (12) satisfies M ≪M0. Hence (12) can be approximated by the equation
8α
3
M3 = (1 + η)M2
0
, (13)
the analytic solution of which has a very simple form
M = γM
2/3
0 , (14)
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with
γ ≡
(
3(1 + η)
8α
)1/3
. (15)
To better understand the physical content of (14), it is useful to restore the physical
units in which mPl 6= 1. In such units, (14) can be written as
M = γ mPl
(
M0
mPl
)2/3
= γM0
(
mPl
M0
)1/3
. (16)
Since M0 ≫ mPl, this implies a hierarchy
mPl ≪ M ≪M0. (17)
The mass M given by (16) is the mass of the black-hole remnant, the mass and size
of which are much above the Planck scale.
As a possible resolution of the black-hole information paradox, a massive remnant
with mass of the order of (16) has also been suggested by Giddings in [1]. The problem
with his suggestion, in his own words, was the acausal behavior of the core behind
the horizon. Namely, if one assumes that general relativity is valid in the core, then
causal evolution of the core is not compatible with an increasing core radius rcore.
But in our approach this is not a problem, because the core is in the crystal phase,
while general relativity is valid only in the fluid phase outside the core.
3 Discussion
In the literature one can find many other proposals for the black-hole remnant (see
[28] for a review), most of which have mass on the Planck scale or some other fixed
scale which (unlike (16)) does not depend on M0. To resolve the black-hole informa-
tion paradox for an arbitrarily large M0, such a remnant should be able to absorb
an arbitrarily large amount of information. But object with a bounded mass and
unbounded phase space is expected to have an unbounded probability of production
in various quantum processes [1, 2, 3, 4, 5, 6], contradicting the fact that such pro-
ductions are not observed. There are also various counterarguments [28] according
to which the overproduction of such objects should not necessarily be expected. But
whatever one thinks of such counterarguments, we emphasize that in our scenario the
mass of the remnant (16) increases with M0, so our remnant does not lead to such a
problem at all.
In our scenario the entropy of the remnant is proportional to the volume rather
than the area. At first sight, this may seem to be incompatible with AdS/CFT du-
ality [29, 30]. Nevertheless, there are two possibilities for making it compatible with
AdS/CFT. The first possibility is that AdS/CFT duality is a property of an approxi-
mative theory (for example, it is possible that string theory is only an approximative
theory of quantum gravity), while the gravitational crystal is described by some more
fundamental, as yet unknown theory. The second, more interesting possibility, is
that AdS/CFT itself allows entropy which scales with volume, as proposed by the
non-holographic version of AdS/CFT [31].
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4 Conclusion
Inspired by insights from condensed matter physics, in this paper we have considered
a possibility that general relativity is only an effective large-distance description of
a fluid phase of some unknown fundamental degrees of freedom. From that point
of view, it seems natural to assume that the same fundamental degrees of freedom
can also exist in the crystal phase, and that entropy of the crystal phase can scale
with volume rather than area. Under these assumptions, we have proposed a natural
resolution of the black-hole information paradox, according to which all the infor-
mation needed for unitarity of Hawking radiation is absorbed by the crystal core
inside the black hole. Even if there is no such a core in the initial black-hole state,
the creation of a core (via a phase transition of crystallization) is forced by incom-
ing information of ingoing Hawking quanta. This provides a simple mechanism for
crystal growth, which eventually leads to the result that the final state of black-hole
evaporation is a remnant in the crystal phase, with mass and size much above the
Planck scale. Even though such a large remnant requires effects of quantum gravity
at macroscopic distances, the idea that these effects are a consequence of crystalliza-
tion makes such effects rather natural; the violation of classical general relativity in
a macroscopic gravitational crystal should not be more “unexpected” than the viola-
tion of the classical Navier-Stokes fluid equation in a macroscopic piece of ice. Hence
the gravitational crystal inside the black hole, as a candidate for a massive remnant
which stores information and resolves the black-hole information paradox, seems to
be an attractive idea worthwhile of further investigation.
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